Introduction
The transverse vibration of a uniform beam subjected to timedependent boundary conditions happens in many structural fields and has been studied by many authors (Notbmann, 1948; Mindlin and Goodman, 1950; Herrmann, 1955; Berry and Nagdhi, 1956; Yen and Kao, 1959; Edstrom, 1981; Grant, 1983; Gou and Karim-Panahi, 1988 ). However, in many structural applications, nonuniform beams are widely used in order to optimize the distribution of weight and strength and sometimes to satisfy special architectural and functional requirements. Therefore, the analysis of nonuniform beams with time-dependent boundary conditions is important to many engineers.
The vibration of a uniform Beruoulli-Euler beam with classical time-dependent boundary conditions can be solved by using the method of Laplace transform (Nothmann, 1948; Yen and Kao, 1959) and the method of Mindlin-Goodman (Mindlin and Goodman, 1950; Grant, 1988) . In the Mindlin-Goodman method, a procedure of change of dependent variable together with four shifting polynomials of fifth degree are introduced. By properly selecting these shifting polynomial functions, the nonhomogeneous boundary conditions are transformed into homogeneous ones. Consequently, the method of separation of variables was used to solve the problem. Edstrom (1981) pointed out that if a properly chosen change of dependent variable is made, a homogeneous linear partial differential equation will remain homogeneous as well as have homogeneous boundary conditions and nonhomogeneous initial conditions. However, Edstrom's method is not suitable for the system subjected to transverse forces. For the uniform Timoshenko beams, the vibration of beams with classical time-dependent boundary conditions was solved by the integral solution method (Herrmann, 1955) .
From the existing literature, it can be found that all the previous investigations are restricted to the uniform beams with classical time-dependent boundary conditions. There still is no study on the vibrational analysis of nonuniform beams with timeTo whom all correspondence should be addressed. Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF APPLIED MECHANICS.
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In this paper, we study the transverse vibration of a nonuniform Bernoulli-Euler beam with time-dependent general elastic boundary conditions. The time-dependent elastic boundary conditions for the nonuniform beam are formulated. We generalize the method of Mindlin-Goodman (1950) and utilize the exact solutions of general elastically restrained nonuniform beams given by Lee and Kuo (1992) to study the dynamic response of a nonuniform beam. A general form of change of dependent variable is introduced and the shifting polynomial functions of third degree, instead of polynomial functions of fifth degree taken by Mindlin-Goodman (1950) , are selected. These shifting polynomial functions can be used to cover the very general cases and are shown to take physical meanings. Finally, the limiting cases of the general system are examined and several examples are given to illustrate the analysis.
System With Time-Dependent Elastic Boundary Conditions
Consider a nonuniform Bernoulli-Euler beam with time-dependent elastic boundary conditions, as shown in Fig. i . In terms of the following nondimensional quantities,
F~(t)L
= = --, f, (r) -- , L E(0)I(0) , F~(t)L 2 , F~(t)L f2(r) f3(r) = E(0)I(0)-' E(0)I(0) ' f4*(r) = -- F* ( t)L 2 KoLL KrLL 3 E(0)I(0) ' /3, E(0)l(0) /32 E(0)I(0) KoRL KTRL 3 /33 = E(0)I(0) /34 E(0)I(0)(1)
Ft(t) KOL
F;(t)/: 
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and the nondimensional initial conditions of the motions are specified by two arbitrary functions
Ow({, O)/Or = r00({).
Here W(x, t) is the flexural displacement, x is the coordinate along the beam, t is time, and L is the beam length. E(x), I(x), and A(x) denote the Young's modulus, the area moment of inertia, and the cross-sectional area, respectively, p(x) is the mass density per unit volume and P(x, t) is the applied trans-.
• verse force per umt length. El(t) F2(t) F~ (t), and F2 (t)
• ' , and F3(t), F4(t), F3 (t), and F 4 (t) are the slope of the base, the displacement of the base, the external moment, and the shear force excitations at the left end and the right end of the beam, respectively. KrL and KoL and KrR and KoR are the translational spring constants and the rotational spring constants at the left end and the right end of the beam, respectively. When the translational spring constant is infinity or zero, the time-dependent displacement or the time-dependent shear force is prescribed. If the rotational spring constant is infinity or zero, then the time-dependent slope or the time dependent moment is prescribed.
Solution Method
3.1 Change of Variable. To find the solution for this nonhomogeneous fourth-order differential equation with variable coefficients and nonhomogeneous elastic boundary conditions, one generalizes the method developed by Mindlin and Goodman (1950) 1~4 gi
where 6 o is a Kronecker symbol. After substituting Eqs. (9)- (14) into the Eqs. (2) - (8), one has a differential equation for
and the associated homogeneous boundary conditions: at { = 0: 
The initial conditions, Eqs. (7)- (8), become
As a result, function v(~, (20)- (21). It takes the meaning of the forced dynamic response of an elastically restrained nonuniform beam and can be obtained through utilizing the results given by Lee and Kuo (1992) and Lee, Ke, and Kuo (1990) . They developed a solution theory for the static and dynamic response of a nonuniform beam and expressed the solution in term of the fundamental solutions of the governing characteristic differential equation. It was shown that if the coefficients of the differential equation are in polynomial forms, then the closed-form fundamental solutions can be obtained. Consequently, the closedform solution for the system is obtained (Lee and Kuo, 1992) . If the closed-form fundamental solutions are not available, then approximate fundamental solutions can be obtained through a simple and efficient numerical method (Lee, Ke and Kuo, 1990) .
It should be mentioned that if/31 and/32 are set to be infinity, /33 = 0 and/34 = 0, then Eqs. (9)- (21) yield to those given by Mindlin and Goodman (1950) .
Shifting Functions and Their Physieal Meanings.
To find the shifting functions gi, i = 1, 2, 3, 4 that satisfy the Eqs. ( 11 ) - (14), one lets the shifting functions be polynomials of the third degree in (22) where ai.o, a~,~, a;,2 and o~.3 are constants to be determined. After substituting each of the g~ into the appropriate equations of Eqs. ( 11 ) - (14), the constants at.o, a~.l, o~.2, and a~.3 for the general case are obtained: The shifting functions gi for the limiting cases can be obtained from Eqs. (22) - (27 ) by taking the appropriate limiting procedures and those for the four typical limiting cases of the general system are listed in the Appendix. Since the shifting functions g~ in the form of Eq. (22) are the general solution of the differential equation
al.3 = [2741T22731b'(O) -T21(T31A3 -T41AI)]/G;
d~ 4 and satisfy the appropriate boundary conditions ( 11 ) - (14), hence the shifting functions gi, i = 1, 2, 3, 4 can be interpreted as the nondimensional static deflection of a generally elastically restrained uniform beam subjected to a unit nondimensional moment and a unit nondimensional slope of the base at the left end, a unit nondimensional shear force and a unit nondimensional displacement of the base at the left end, a unit nondimensional moment and a unit nondimensional slope of the base at the right end and a unit shear force and a unit nondimensional displacement of the base at the right end of the beam, respectively. When the nondimensional translational and rotational spring constants/3~, i = 1, 2, 3, 4 are infinity, the uniform beam is clamped at both ends. Under this case, the shifting functions g~, i = 1,2, 3, 4 represent the nondimensional static deflection of a clamped-clamped uniform beam due to a unit nondimensiona] slope of the base at the left end, a unit nondimensional displacement of the base at the left end, a unit nondimensional slope of the base at the right end and a unit nondimensional displacement of the base at the right end of the beam, respectively. These shifting functions gi are given in case 3 of the Appendix and are the same as the static deflection curves given by Paz (1980) . It should be mentioned that the shifting functions g~ in the form of Eq. (22) are simpler than the shifting polynomial functions of fifth degree given by Mindlin and Goodman (1950) . They can be used to cover the very general cases. In addition, these shifting functions take physical meanings.
Verification and Examples
To verify the previous analysis, two examples are illustrated.
Example 1: Consider the vibration of a clamped-hinged uniform beam subjected to a displacement time-dependent excitation f4 = 0.01 '7-2 at the right end of the beam. For convenience, one takes the initial conditions as wo(() = ~o(~) = 0 and the transverse force p(~, .7-) = 0. Therefore, fl = f2 = f3 = f 1" = f 3. = f 3* = f 4* = fl = f2 = f3 = 0 and f4 = f4. After following the solution methods given in Section 3 and the paper by Lee and Kuo (1992) , the results are listed in Table 1 . The numerical results in the rows with mark "*"are given by the Table 1 The dynamic response of clamped-hinged uniform beam subjected to a displacement excitation at the right end Grant (1983) present analysis and those in the rows with mark "*" are given by Grant (1983) . It can be found that both results are very consistent. 
where the coefficient b*(~) is to be specified. Substituting v(~, r) into Eq. (15) and the boundary conditions Eqs. (16) - (19), one requires b*(~) to satisfy the following nonhomogeneous differential equation and the boundary homogeneous conditions: 
where functions g~, i = 1, 2, 3, 4 are the same as the shifting functions studied before. It is due to the fact that the transferdependent variable v (~) will satisfy a homogeneous differential equation with homogeneous boundary conditions and is identically equal to zero.
Conclusion
In this paper, a systematic development for the analysis of the dynamic response of a nonuniform Bernoulli-Euler beam with time-dependent elastic boundary conditions, subjected to arbitrary transverse forces is presented. The time-dependent (33) elastic boundary conditions for the beam is formulated. By generalizing the method of exact solutions of general elastically restrained nonuniform beams given by Lee and Kuo, the dynamic response of the beam is obtained. A general form of change of dependent variable is introduced and the physical meanings of the selected shifting (35) polynomial functions of the third order degree are explored. These shifting polynomial functions can be used to cover the very general cases. The present analysis can also be applied to (36) study the static deflection of a nonuniform beam subjected to nonhomogeneous boundary conditions.
Having found this b*(~) by utilizing the results given by Lee and Kuo (1992) , one has w(~, r) = [b*(~) + 70g4(~)] sin ~r.
In Figure 2 , the vibrational response curve at the tip of the beam is illustrated. It shows that when the shear excitation frequencies approach the natural frequencies of the beam, the response increases rapidly and becomes infinite as the shear excitation frequencies coincide with the natural frequencies. ~ Finally, it should be mentioned here that the present analysis can also be applied to study the static deflection of a nonuniform beam subjected to nonhomogeneous boundary conditions. Especially for the static deflection of a uniform beam with nonhomogeneous boundary conditions and subjected to no transverse
